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Abstract
We discuss the relation between two different models which are recently proposed as the model
of localizing bulk gauge fields on a brane. In the former model, the localization of gauge field
is achieved by adding both bulk and boundary mass terms while in the latter, it is done by
taking into consideration the coupling between the gauge field and the dilaton field (this model
is also regarded as the gauge theory with nontrivial dielectric “constant”). We make a certain
transformation for the gauge field in the latter Lagrangian. As the result, we find those two
models are closely related to each other.
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Since Randall and Sundrum proposed a new solution to the hierarchy problem[1, 2], theories
with (infinite) extra spatial dimensions have received much attention. Many people have tried
to extend the Randall-Sundrum model in different fashions. One of what they have attempted
is to put the standard model into the bulk, i.e., they considered bulk fields(scalar, fermion and
gauge fields) as well as gravitons. Bulk scalar field was originally introduced by Goldberger and
Wise to stabilize the size of the extra dimension[3]. Bulk fermion fields in the Randall-Sundrum
model have been considered as well[4] and it has been shown that they could be localized on
both positive and negative tension branes by intoducing the kink-like mass term[5].
On the other hand, bulk gauge field in the Randall-Sundrum model has a very different
story2. Unlike the scalar and fermion fields, it has been wellknown that the zero mode of the
bulk gauge field is not localized on a brane[7]. Actually it is flat in the extra dimension. The
reason consists in the rescaling property of the gauge field action as has already been addressed
by several authors[8]. The 4-dimensional kinetic term of the gauge field is not warped.
However there have more recently appeared several models of gauge field localization in the
Randall-Sundrum geometry with infinite extra space dimension. In this paper, we shall restrict
our consideration into the following two different models. One is introduced by the authors of
[9, 10] where the localization is achived by adding both bulk and boundary mass terms of the
gauge field. The other one is introduced by [11] where the localization is achieved by taking into
account the coupling between the gauge field and the dilaton field. Both models have the gauge
field zero mode localized on a brane whose wave function has the peak just on the brane.
In the light of these situations, it is interesting to investigate the relation between these two
models of gauge field localization. In fact, it is the purpose of this paper.
Let us start with introducing Lagrangians of the two models. The action with both bulk
and boundary mass terms is given by[9, 10]
Smassive =
∫
d5X
√
−G
(
−1
4
GMNGPQFMPFNQ − 1
2
(M2 + cδ(y))GMNAMAN
)
, (1)
where M,N,P,Q = 0, 1, 2, 3, y and FMN = ∂MAN − ∂NAM . AM (xµ, y) is the bulk U(1) gauge
field. GMN is the 5-dimensional metric defined by
ds2 = e−2|y|/Lηµνdx
µdxν + dy2. (2)
Here the parameters M and c denote the bulk and the boundary masses, respectively. They are
supposed to appear through spontaneous breaking of the gauge invariance in the bulk[10].
On the other hand, the action with the coupling between the gauge field and the dilaton
field is given by[11]
Sdilaton =
∫
d5X
√
−G
(
−1
4
e−λpi/2
√
3M3
PlGMNGPQFMPFNQ+
1
2
(∂φ)2+
1
2
(∂π)2−V (φ, π)
)
, (3)
2The first field theory example of gauge field localization on a brane was suggested in Ref.[6]
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where λ is a dimensionless coupling depending on the underlying theory. The scalar field φ is
the stuff the domain wall is made off while the another scalar field π is nothing but the dilaton
field. V (φ, π) is supposed to be usual Higgs-type potential. In the absence of the U(1) gauge
field, under the assumption of the following form of the metric,
ds2 = e−2A(y)ηµνdx
µdxν + dy2, (4)
we find the solutions of the equations of motion(we assume both φ and π depend on only the
fifth dimensional coordinate y):
φ(y) = v tanh(ay),
A(y) = −β ln cosh2(ay)− β
2
tanh2(ay),
π(y) = β
√
3M3P l
(
ln cosh2(ay) +
1
2
tanh2(ay)
)
, (5)
where a−1 is the “width” of the domain wall which is given in terms of some parameters appearing
in the original action. β is given by v2/36M3P l where v is the expectation value of the scalar
field. MP l is the 5-dimensional Planck scale.
Obviously we have to take the brane limit, i.e., a → ∞ to compare these two models
appropriately. This limit is taken with the quantity ξ ≡ 3βa fixed. As the result, we obtain
φ(y) = vθ(y) + · · · ,
A(y) = −2ξ
2
3
|y| − ξ
2
6a
(1− 4 ln 2) + · · · ,
π(y) =
√
3M3P l
(
2ξ2
3
|y|+ ξ
2
6a
(1− 4 ln 2) + · · ·
)
, (6)
where θ(y) is the step function defined by
θ(y) =
{
+1 for y > 0
−1 for y < 0 (7)
We are ready to go further. As has been suggested, we expect that there is some relation
between two models described by the Lagrangians (1) and (3). Here we shall give the following
conjecture;
e−λpi/4
√
3M3
PlA
(dilaton)
M = A
(massive)
M , (8)
where A
(massive)
M and A
(dilaton)
M denote the gauge fields appearing in the Lagrangians (1) and (3),
respectively.
Now we shall examine the above conjecture by direct computation. Let us first define the
function ǫ(π) as
e−λpi/4
√
3M3
Pl ≡ ǫ2(π). (9)
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It is interesting to note here that the function ǫ(π) (correctly speaking, ǫ2) can be regarded as
the dielectric “constant”. In Ref.[12], a similar model has been discussed to show confinement
in the bulk via the dielectric effect proposed in [13] with an appropriate choice for ǫ and V .
It is straightforward to see that
ǫ(π)FMP = ǫ(∂MAP − ∂PAM ),
= ∂M (ǫAP )− ∂P (ǫAM )− (∂M ǫ ·AP − ∂P ǫ · AM ). (10)
Here we put ǫ(π)AP (x, y) = A˜P (x, y). It is clear that
ǫ(π)FMP (A) = FMP (A˜)−
(
∂M ǫ
ǫ
A˜P − ∂P ǫ
ǫ
A˜M
)
. (11)
Therefore we have
ǫ2(π)GMNGPQFMP (A)FNQ(A) = G
MNGPQFMP (A˜)FNQ(A˜)
−2GMNGPQFMP (A˜)
(
∂Nǫ
ǫ
A˜Q − ∂Qǫ
ǫ
A˜N
)
+2GMNGPQ
(
∂M ǫ
ǫ
∂Nǫ
ǫ
A˜P A˜Q − ∂M ǫ
ǫ
∂Qǫ
ǫ
A˜P A˜N
)
.(12)
From below, we work with the gauge condition
Ay(x
µ, y) = 0, (13)
where µ = 0, 1, 2, 3.
Then it is simple to show the following equation
ǫ2(π)GMNGPQFMP (A)FNQ(A) = G
MNGPQFMP (A˜)FNQ(A˜)
−4Gµν
(
∂yǫ
ǫ
)
A˜µ∂yA˜ν + 2G
µν
(
∂yǫ
ǫ
)2
A˜µA˜ν . (14)
Plugging (14) into the Lagrangian (3), we are led to the following expression (the scalar parts
are dropped);
Sdilaton =
∫
d5X
√−G
[
−1
4
GMNGPQFMP (A˜)FNQ(A˜)
+Gµν
(
∂yǫ
ǫ
)
A˜µ∂yA˜ν − 1
2
Gµν
(
∂yǫ
ǫ
)2
A˜µA˜ν
]
. (15)
By combining the equation (9) with the asymptotic form of π(y) at a → ∞, we can evaluate
the term ∂yǫ/ǫ ≡ d ln ǫ(π)/dy as follows;
d ln ǫ(π)
dy
= − λ
4
√
3M3P l
dπ
dy
,
= −λξ
2
6
θ(y) +O(1/a). (16)
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Again, θ(y) is the step function defined through eq.(7).
Thus we obtain
Sdilaton =
∫
d5X
√
−G
[
−1
4
GMNGPQFMP (A˜)FNQ(A˜)
−1
2
M ′
2
GµνA˜µA˜ν − λξ
2
6
Gµνθ(y)A˜µ∂yA˜ν
]
, (17)
where
M ′
2
=
λ2ξ4
36
, (18)
which plays a role of the bulk mass of the gauge field.
Here we make partial integration for the third term in the action (17). The result is that
Sdilaton[A˜] =
∫
d5X
√
−G
[
−1
4
GMNGPQFMP (A˜)FNQ(A˜)
−1
2
(M ′
2
+ c′δ(y))Gµν A˜µA˜ν +
λξ2
6
1√−Gθ(y)∂y(
√−GGµνA˜µ)A˜ν
]
, (19)
where the coefficient in front of the delta function of the second term is defined by
c′ = −2λξ
2
3
, (20)
which corresponds to the mass parameter of the gauge field on the brane at y = 0. This is also
interpreted as the interaction one between the bulk gauge field and the brane. Note here that
the sign of c′ is negative as long as λ is positive. So we have tachyonic mass term on the brane
in this case.
Eq.(19) has the same form as eq.(1) except the third term of the right hand side when
we choose Ay = 0 gauge in eq.(1). As has been wellknown, the field transformation such as
eq.(8) is used to generate the mass term via the kinetic term. That was one of our original
motivations against the conjecture (8). As we see from the process of deriving eq.(19), the
origin of the boundary mass term, which is proportional to the delta function, consists in the
orbifold geometry of the Randall-Sundrum model.
Finally let us consider the parameters appearing in both Lagrangians in detail. As we see
from eq.(18) and eq.(20) immediately,
M ′ ≈ |c′|. (21)
On the other hand, The parameters appearing in the action (1), M and c, are related through
the boundary condition on the brane at y = 0 as follows;
|c| = 2
L
(
√
1 +M2L2 − 1) ≈M2L, (22)
where L denotes the radius of 5-dimensional AdS space. In the Randall-Sundrum model, L−1 is
of the order of the 5-dimensional Planck scale, i.e., L−1 ≈MP l. Therefore we find |c| ≈ MMPlM
5
in this case. From the viewpoint of solving the hierarchy problem, the bulk mass parameter M
should be of the order of MP l. If it is applied, the boundary mass parameter |c| is of the order
of MP l as well and is given as |c| ≈M . As the result, we obtain the same relation between the
bulk and the boundary mass parameters shown in eq.(21).
To conclude, in this paper, we discussed the relation between recently proposed two models
of gauge field localization on a brane in the Randall-Sundrum model. We made a certain
transformation of the gauge field and it was shown that those two models are closely (not
exactly) related by direct computation. One important property to derive the mass term on the
brane was the orbifold geometry of the Randall-Sundrum model. We examined the parameters
appearing in Lagrangians of the two models. As the result, we obtained the equivalent relations
between the bulk and the boundary mass parameters in both models, which was done through
a natural requirement to solve the hierarchy problem. The physical meaning of the conjecture
(8) is, however, still less clear even if it generates both bulk and boundary mass terms. This
will be a future issue.
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